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2. INTRODUCTION

In this talk we are interested in the computational complexity of some basic problems in finite field
arithmetics. These simple algebraic problems will range in two main classes: evaluation of a linear
map, evaluation of a bilinear map.

Problem 1. Let K be a finite field and let U and V' be two vector spaces over K. Let a : U — V be
a linear map. On input uw € U, compute a(u) € V.

We assume that the input u is given by its coordinates in a fixed basis &/ of U. And the output a(u)
consists of the coordinates of a(u) in a fixed basis V of V. The difficulty of this problem depends
very much on the given map a and on the chosen bases.

Problem 2. Let K be a finite field and let U, V, and W be three linear spaces over K. Let a :
U x V. — W be a bilinear map. On input (u,v) € U x V, compute a(u,v) € W.

Again we assume that three bases are given for U, V, and W respectively and we stress that here
again the difficulty of the problem depends very much on the given map a and on the chosen bases.
The three problems we shall mainly be interested in are evaluation, interpolation and multiplication.
The first two problems are linear. We assume that we have a K-linear space of functions U and a finite
set of points @ = {Qo, Q1,...,Qn—_1} where functions can be evaluated. We assume that a basis U/
of U is fixed.

Problem 3 (Evaluation). Given a function f by its coordinates in U, compute the f(Q;) for 0 < i <
n— L

Problem 4 (Interpolation). Given n scalars vy, vy, ..., vn—1 in K, compute the coordinates in U of a
function f that takes value v; at Q; for every 0 < i < n — 1.

For the interpolation problem, we will assume that the function f exists and is unique for every
vector (v;)o<i<n—1- In other words, the evaluation map is assumed to be a bijection. A typical
example is when U = K|[z],, the space of polynomials of degree < n and the n evaluation points
have their x coordinates that are n pairwise distinct scalars in K.

To describe the third problem (multiplication) we assume that we are given a K-algebra L and a
K-basis B of it.

Problem 5 (Multiplication). Given the coordinates in B of two elements f and g in the K-algebra L,
compute the coordinates in B of the product f.q.

This is a K-bilinear problem. A typical example is when L = K|[x] and B is the monomial basis
1,z 22, 23, ...

We shall study the algorithmic complexity of evaluation, interpolation and multiplication. Our main
concern will be to illustrate the role played by automorphisms and more precisely the algorithmic

benefit of K[G]-module structures.

3. STRAIGHT-LINE PROGRAMS

We need some complexity theory to evaluate the difficulty of the computational problems we are
interested in. We shall use an elementary model of computation: straight line programs (SLP). We
provide an example rather than a definition. See [3, Chapter 4] for a more formal study.

Let (Z,+, x) be the ring of integers. Here is a straight line program that on input (z,y) € Z2
computes (2z — y, 2z + 3y). On each line, the expression in green gives the value assigned to the
corresponding register.
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X1 <« =z T

Xo « vy Y

X1 — 2e X_1 2x

Xy « (-1)eXy —y

X3 +— Xi+Xo 20 —y
Xy <+ 3eXj 3y

X5 +« Xi+Xy 2x + 3y

This straight line program consists of two input lines and five instructions: two additions and three
scalar multiplications. No matter where the output appears: here in X3 and X5. To any linear map we
can associate a straight line program that computes it using only additions and scalar multiplications.

There is no branching in a straight line program. Just a sequence of instructions. The complexity
of a straight line program is the number of operations.

The complexity of a linear map is the minimum complexity of a straight line program comput-
ing it. The operations in such a SLP are additions + and scalar multiplications e. The latter are
multiplications of a register by a constant in the base field K.

Straight line programs can compute bilinear maps also. One then allows three operations: +, e,
and bilinear multiplications x. The latter are multiplications of two registers.

Given a SLP computing a bilinear map, we define its complexity to be the total number of opera-
tions +, e, and x. We also can define its bilinear complexity to be the number of bilinear multiplica-
tions x only. The (bilinear) complexity of a bilinear map is the minimum (bilinear) complexity of a
straight line program computing it. The bilinear complexity ignores the cost of linear maps (e.g. base
change).

We thus have a sufficient complexity measure for evaluation and interpolation problems: counting
+, o. We also have two interesting complexity measures for multiplication problems: counting +, e,
and x or counting X only.

Any linear map a : U — V can be computed by a SLP using dim U x dim V' scalar multiplications
and (dimU — 1) x dim V' additions. Any bilinear map a : U x V' — W can be computed by
a SLP using dimU x dim V' x dim W bilinear multiplications, dim U x dim V' x dim W scalar
multiplications, and (dim U x dim V' — 1) x dim W additions. Indeed the corresponding SLP merely
implement the standard methods for matrix multiplication.

4. POLYNOMIALS IN ONE VARIABLE OVER A FINITE FIELD

In this section we consider the simplest and most standard evaluation and interpolation problems:
the case of polynomials in one variable. Let n > 1 be an integer and K a finite field and U = K[z]| -,

andU = (1,z,22,...,2" 1) the power basis of U and V = K" and V its canonical basis. Let ag,
ai, ..., an—1 be n pairwise distinct scalars in K and leta : U — V be the map f — (f(a;))o<i<n—1-
The matrix

A = (a])osi<n1,0<j<n—1
of a in the bases U and V is known to be a Vandermonde invertible matrix. The evaluation problem
here is the problem of multiplying by A an input column vector

Jo
f
fs = :1

fn‘— 1
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of height n. The interpolation problem is the problem of multiplying by A~! an input column vector

Yo
U1

Un—1
of height n. An important naive remark: the vector (f(a;))o<i<n—1 is a linear expression in the

coefficients of f but it is not at all linear in the evaluation points (a;)o<i<n—1. The evaluation problem
we consider is for fixed (a;)o<i<n—1 to compute the map f — (f(a;))o<i<n—1-

4.1. Butterflies. It was first noticed by Gauss [18] and rediscovered by Cooley and Tukey [6] that
the map a : f — (f(ai))o<i<n—1 can be evaluated quickly when
(1) the characteristic of K is not 2,
(2) n = 2" is a power of 2,
(3) the evaluation points are the set of n-th root of unity: Q; = w’ where w is a primitive n-th
root of unity in K.

While Gauss and Cooley-Tukey were interested in calculation with complex numbers, we notice
that for our purpose, the existence of a primitive n-th root of unity w in the finite field K is equivalent
to the cardinality of K being congruent to 1 modulo n = 2. This is a rather restrictive condition.

The key idea of Gauss-Cooley-Tukey is to use the involution z — —x to decompose the polynomial
to be evaluated f(z) = > o<jcn—1 fj ¥’ as a sum

flz) = [T (@) + [ (=)
where
fflay="3_ fya” and fT(x)= >  fyna?=a Y fyaa¥
0<2j<n—1 0<2j+1<n—1 0<2j+1<n—1
are the even and odd parts of f(z). Setting y = z* and
Poy= > fyy ad ffy)=z7'f(@)= Y. fyny
0<2j<n—1 0<2j+1<n—1

we decompose

(1) f@) =) +=f(y)

where f© and f! are polynomials of degree < n/2 — 1. This decomposition reduces the evaluation
of f(z) at the (w*)o<icn_1 to two similar problems of halved size. Indeed we may define = w? a

primitive 2~ root of unity an notice that

@) FW) = £20r) + @’ 11 0p)

allowing a recursive approach that is classically illustrated using diagrams called butterflies (see Fig-
ure 1).

We denote by 7T'(v) the number of operations in K that are needed to evaluate a polynomial of
degree < 2¥ — 1 at all the 2¥-th roots of unity. We just proved

T(v) <2T(v — 1)+ 2+

We deduce by induction that 7'(v) < 2.v.2Y for every v > 1. Since n = 2" this gives a complexity of
2.n.logy n operations in K. This is much better than the general quadratic bound.
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FIGURE 1. An 8-point FFT butterfly

Theorem 1 (Gauss-Cooley-Tukey). Let K be a field of characteristic different from 2. Let v > 1 be
an integer and let n = 2¥ be a power of 2. Assume that K contains a primitive n-th root of unity w.
Then there exists a straight line program that takes as input the coefficients of a polynomial f(x) of
degree < n — 1 and computes the n values f(w') for 0 < i < n — 1, at the expense of 2.n.logyn
operations in K.

We denote A, the matrix of the map a : K[z].,, — K" in the bases U, the polynomial basis of
K|[z]<p, and V, the canonical basis of K. It is well known that the inverse of A, is

_ 1
Aw 1 == ﬁAw—l .
We deduce the following theorem.

Theorem 2 (Gauss-Cooley-Tukey). Let K be a field of characteristic different from 2. Let v > 1 be
an integer and let n = 2¥ be a power of 2. Assume that K contains a primitive n-th root of unity w.
Then there exists a straight line program that takes as input n scalars (v;)o<i<n—1 in K, and computes
a polynomial f(x) = 3 o<j<pn1 [ such that f(w') = v; for every 0 < i < n — 1, at the expense
of 2.n.log, n operations in K.

Note that if K has characteristic 2, there cannot be primitive roots of unity of even order in K. So
the butterfly method does not apply. However, assuming that the characteristic of K is not three, we
may consider polynomials of degree < n — 1 for some n = 3. Assuming that K contains a primitive
n-th root of unity, the butterfly method can be adapted using a tripartition. We decompose the poly-
nomial f(x) as a sum of three eigenvectors associated to the three eigenvalues of the automorphism
of order 3 mapping x to (x, where { € K is a primitive third root of unity. Namely

fl@y=">  fya+ax > fypa¥a® > fypea® = fPy)+af (y)+2* ()
0<3j<n—1 0<3j+1<n—1 0<3j+2<n—1
where y = 23 and f°, f!, and f2 have degree < n/3 — 1.
It is time for a first geometric interpretation. A polynomial is a function on the curve P! having
poles only at infinity. More precisely the vector space K[z|<,—1 is the linear space associated with
the divisor E' = (n — 1)[oo]. The n evaluation points form a divisor also
Q=[]+ W+ [+ + "] + "),

The map 7 : o +— wax defines an automorphism of P!, of order n, that leaves invariant both
divisors E and Q. Calling G the group generated by 7, we see that the map a : K[z|<,—1 — K" isa



6 COUVEIGNES AND LERCIER

morphism between two free K[G]-modules of rank 1. The recursive algorithm relies on the existence
of a composition series

G=<w>Dd<w>d<uw'>d<uwd®>> ... 2> (-1) D (1).

The map x + y = 22 is a degree two Galois cover ¢ : P! — P! with Galois group (—1) C G.

Equations (1) and (2) reduce the initial evaluation problem to two similar problems on the quotient
curve.

4.2. Application: fast multiplication of polynomials. We assume again that n = 2” and K is a
finite field containing a primitive n-th root of unity w. We denote by a the evaluation map studied in
the previous section. Identifying K|z|,, with K[z]/(z™ — 1), the linear map «a is an isomorphism
between the K-algebras K[z|/(z™ — 1) and K", often called the discrete Fourier transform (DFT).
Multiplication of two elements in K" is the componentwise product and is achieved at the expense of
n multiplications in K. In order to multiply two elements u; and wug in K[z]/(z™ — 1) given in the
power basis, one computes a~(a(u1).a(us)) at a total cost of

4.n.loggn +n+2.n.logyn = n(l + 6logyn).

Assume now we want to multiply two polynomials f; and f; of degree < n/2 — 1. The quotient
map
p: Klz] = Klz]/ (2" — 1)
is an epimorphism of K algebras. We define a section
o:Kiz]/(z" — 1) = K|[z]

by setting o(z/ mod ™ — 1) = z7. This is a K-linear map and p o o is the identity of K[z]/(z™ — 1).
On the other hand o o p is the projection on K|x|<,—1 with kernel (2" — 1)K[x]|. While o is not a
morphism of algebras we still have that

fi-fa=a(p(f1)-p(f2))

because deg(f1) + deg(f2) < n — 1. We deduce that multiplication of two polynomials reduces to a
multiplication in K[z]/(z™ — 1) for n a power of two bigger than twice the degrees of both f; and fs.

Theorem 3. Let K be a field of characteristic different from 2. Let v > 1 be an integer and let n = 2¥
be a power of 2. Assume that K contains a primitive n-th root of unity w. Then there exists a straight
line program that takes as input two polynomials fi(z) and fa(x) of degree < n/2 and computes
their product, at the expense of n(1 + 6logy n) operations in K. Both the input and the output are
given in the monomial basis.

The calculation above provides a first example of using non-algebraic maps. These maps often
are set-theoretic sections of ring homomorphisms, that are not ring homomorphisms themselves but
behave like ring homomorphisms when one imposes metric conditions on their input.

Theorem 3 only applies when the base field contains a primitive root of unity of order a large
enough power of two. This is because we use fast Fourier transform to evaluate and interpolate. We
shall see later how to get around this difficulty. For the moment we notice that if we consider the
bilinear complexity (meaning that we ignore the cost of the linear part of the calculation) then we
obtain a linear upper bound provided K is large enough.

Theorem 4. Let ny and ny be two positive integers. Let K be a field with cardinality bigger than
n1+mng. Then there exists a straight line program that takes as input two polynomials f1(x) and fa(x)
of respective degrees < ny and < no and computes their product using no more than ny + ng + 1
multiplications in K. Both the input and the output are given in the monomial basis.
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Indeed let ag, a1, ..., Gn,+n, b€ M1 + no + 1 pairwise distinct scalars in K. Let

a: K[x]<n1+n2 — Kn1+n2+1

be the evaluation map at these n; + ng + 1 scalars. This map is the restriction to K[z]|<y, 4, of an
epimorphism of algebras. This restriction is a bijective K-linear map and, assuming that deg(f1) < n
and deg(f2) < na, we check that f1.fo = a='(a(f1).a(f2)).

So the computation of the polynomial product f. f> reduces to a componentwise product in K™ 72 +1
plus some linear part that we ignore. This finishes the proof of Theorem 4.

Comparing Theorem 4 and Theorem 3 we notice that, in order to bound the bilinear complexity, we
only need the base field to be large enough. In contrast, bounding the full complexity uses a primitive
root of unity with order a large enough power of two, which is a much more restrictive condition.

4.3. Application: fast multiplication in some finite field extensions I. Letn > 2 be an integer. Let
K be a finite field. Let L /K be a degree n field extension. Let B be a K-basis of L. We are interested
in the complexity of multiplication in L. This is a K-bilinear map. Given the coordinates in B of two
elements /1 and /5 in L, we want to compute the coordinates of their product.

We first consider the bilinear complexity. It is independent of the basis 3 because base change is
a linear operation. In fact the bilinear complexity only depends on the extension L /K up to isomor-
phism, that is to say on the degree n of L over K and on the cardinality ¢ of K.

We let B(z) € K[z] be an irreducible polynomial of degree n. We set L = K[z]/B(x) and take
B to be the monomial basis (1, z, 2, ..., m”_l). We denote ep the residue map

en : Klz|<n—1 L

f(z) —— f(z) mod B(x)

This is a bijective K-linear map. We denote egl its inverse. We shall also need a similar map
accepting as input a polynomial of degree < 2n — 2. We call it eQB.

623 : K[x]ggn_g L

f(z) ——— f(z) mod B(x)
We assume that the cardinality of K is > 2n — 1 and we let qq, q1, - .., g2n—2 be 2n — 1 pairwise
distinct scalars in K. We denote e the evaluation map
eQ : K[w]ggn_g K21

f(@) ————— (f(q))o<i<an—2

This is a bijective K-linear map. It thus admits an inverse map that we denote

eél (K2 5 K[z]<on_o.

In order to multiply two elements ¢; = fi(x) mod B(z) and {3 = fo(z) mod B(x) we first
multiply the two polynomials f;(z) = e5'(¢1) and fo(z) = e3'(¢2). In order to compute

f3(x) = fi(z). f2(2)

we proceed as in Section 4.2. We evaluate f1(z) and fo(x) at the (¢;)o<i<on—2. We then multiply the
values taken by f1(x) and f2(z). And we interpolate to obtain

fs(@) = e’ (eq(f1)-eq(f2))-
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Finally the product ¢; .45 is
U3 = eB(f3) = eBleq' (eqlep' (01))-eq(ep' (£2)))).

The bilinear part in this computation consists of one product in the algebra K2"~!. We deduce the
theorem below.

Theorem 5. Let K be a finite field. Let n be an integer such that n < (#K + 1)/2. Let L be a field
extension of K with degree n. The bilinear complexity of multiplication in L is < 2n — 1.

Again we can give a geometric interpretation of the above. We consider the projective line P! over
K and denote E the divisor (n — 1).[oo] and @ the divisor [go] + [q1] + - - - + [¢2n—2]. The polynomial
B(x) defines an irreducible divisor on P that we call B also. The space K[x]<,,_1 is the linear space
L(FE) associated with £. The maps ep and e are residue maps. The residue field at B is L, a degree
n field extension of K. The residue ring at @ is K?"~!. The method reduces a multiplication in the
residue field at B to a multiplication in the residue ring at ().

4.4. Application: fast multiplication in some finite field extensions II. We now consider the (full)
complexity of multiplication in L. This time we no longer ignore the cost of linear steps: evaluating,
interpolating, reducing modulo B(z). Our plan is to use butterflies. So we shall restrict to the very
specific case when

(1) the characteristic p of K is not 2,
(2) n = 2" is a power of 2,
(3) the cardinality g of K is congruent to 1 modulo 2n.

We look for a simple irreducible polynomial B(x) of degree n. Such a polynomial is provided by
the Kummer theory of the multiplicative group. Let K be a separable closure of K. Let I' be the
Galois group of K over K. The Frobenius automorphism

1% : K K
T g

is a topological generator of I'. We denote by § the 2-valuation of ¢ — 1. Condition (3) above implies
that § > v + 1. Let b be an element of order 2% in K?. Let

t=Fg()/b=>0b1/b=0b7""1,

This is an element of multiplicative order n = 2¥. So it belongs to K*. We deduce that the Galois
conjugates of b are the b.t' for 0 < i < n — 1. And K(b) is a degree n extension of K. We call it L.
We set

a="0".
This is an element of order 2° in K*. And L is the splitting field of B (x) = 2™ — a. We identify L
with K[z]|/(2™ — a) and b with z mod 2™ — a.

In order to multiply two elements ¢; = f1(z) mod B(x) and ¢3 = fa(x) mod B(z) we first multi-
ply the two polynomials f;(x) and f2(z). To this end we evaluate f1(z) and fo(x) at the (w')o<i<on—_1
where w is an element of order 2n in K*. We then multiply the values taken by f1(z) and fa(x) at
the (w")o<i<2n—1. And we interpolate to obtain f3(z), a polynomial of degree < 2n — 2. These eval-
uation and interpolation steps are achieved at the expense of 12.n.log,(2n) operations in K, using
the method in Section 4.1. We finally reduce f3(z) modulo B(x) = 2™ — a. This requires n — 1
multiplications and n — 1 additions in K.
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Theorem 6. Let n = 2¥ with v > 1 an integer. Let K be a finite field with cardinality congruent to
1 modulo 2n. Let L be a field extension of K with degree n. There exists a K-basis B of L and a
straight line program that takes as input the coordinates in B of two elements in L and computes the
coordinates in B of their product, at the expense of n.(16 4+ 12logy n) operations in K.

The basis B in the theorem above is the power basis (27 mod z" — a)o<j<n—1. We set
O=1+z+2°+ - +2" ' modz" —a

and notice that 6 is a normal element in L /K in the sense that the set of its conjugates is a K-basis
of L. We denote © this normal basis. We notice that passing from basis © to basis B amounts to
computing a discrete Fourier transform of order n = 2¥. We deduce the following refinement of
Theorem 6.

Theorem 7. Let n = 2¥ with v > 1 an integer. Let K be a finite field with cardinality congruent to 1
modulo 2n. Let L be a field extension of K with degree n. There exists a normal K-basis B of L and
a straight line program that takes as input the coordinates in B of two elements in L and computes
the coordinates in B of their product, at the expense of n.(16 4+ 18logy n) operations in K.

The geometric picture here is the following. The map 7 : = > w?z defines an automorphism of
P! of order n. The quotient map is a Galois cover I : P! — P! with Galois group G generated
by 7. Indeed I is the polynomial I(x) = x™. The fiber [~!(a) is irreducible over K with residue
field L. The group generated by w is the union of the fibers 7=!(1) and I=1(—1). These two fibers
split over K. As in the previous section the method reduces a multiplication in the residue field at
B = I"!(a) to a multiplication in the residue ring at Q@ = I~(1) U I~1(—1). The new feature is that
both divisors B and Q are acted on by the group G = (w?). In particular the space £((n—1).[oo]) and
the residue rings at B and () are K[G]-modules. Also the residue maps are K[G]-linear. Further the
group G = (w?) has a composition series with quotients of order 2. Kummer theory controls which
fibers of I are irreducible and which decompose over K. In fact we have a fully explicit description
of Galois action on K. The Frobenius multiplies by ¢ = #K.

4.5. Application: fast Reed-Solomon codes. Let K be a finite field. Let n > 2 be an integer. Let
qo, q1, - - - » qn—1 be n pairwise distinct scalars in K. Let k£ be an integer such that 1 < k& < n. Let E
be the space K[z]|<j—1 of polynomials with degree < k£ — 1. Let eq be the evaluation map

eQ : K(z]<k—1 K"
f(@) ———— (f(4:))o<icn—1
The image of e is a k-dimensional subspace C' C K" known as a Reed-Solomon code. Its
minimum distance is d = n — k + 1 which is best possible for a code of length n and dimension k.

Assume now that

(1) the characteristic p of K is odd,

(2) n = 2" is a power of 2,

(3) the cardinality g of K is congruent to 1 modulo n,

We let w be a primitive n-th root of 1 in K and we set ¢; = wifor0<i<n—1. Evaluating e is
achieved at the expense of 2.n. log, n operations in K using butterflies. We thus obtain a particularly
fast encoding. See [35].

Theorem 8. Let n = 2¥ with v > 1 an integer. Let K be a finite field with cardinality congruent to 1
modulo n. Let k be an integer such that 1 < k < n. There exists a linear [n,k,n — k + 1]-code over
K that can be encoded and checked at the expense of 2.n.logy n operations in K.
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5. WHEN K IS TOO SMALL OR LACKS ROOTS OF UNITY

The various methods presented in Section 4 assume that the base field K is large enough (to evaluate
and interpolate at a large set of scalars) or even contains a primitive root of unity of order a large power
of two (to allow a recursive approach). There are several methods to bypass these restrictions. The
method of Schonhage and Strassen presented in Section 5.1 relies on algebraic and non-algebraic
maps. An important ingredient in the work of Harvey and van der Hoeven is a number theoretic
conjecture about the smallest prime in an arithmetic progression. We give references in Section 5.2.
The method introduced by Chudnovsky and Chudnovsky in [5] to upper bound the bilinear complexity
of multiplication in finite field extensions relies on the geometry of algebraic curves over finite fields.
We sketch this method in Section 5.4. And Section 5.3 surveys the complexity of computing in the
algebra of a commutative group.

5.1. Schonhage-Strassen. Let R be a commutative ring with unit. Assume that 2 is invertible in R.
Let d be a positive integer. According to a result of Schonhage and Strassen, there exists a SLP that
computes the product of two polynomials in R[x] having degree < d, at the expense of a constant
times d. log(d).log(log(d)) operations in R. See [38, Section 8.3] and [3, Theorem 2.13]. We give an
overview of the ideas behind this result. As in Section 4.2 we will use non-algebraic maps.

Assume v is the smallest even number such that n = 2" is bigger than 2d. Let m = 2*/2 be the
square-root of n. Let p : R[x,y] — R[z] be the R-algebra homomorphism that substitute y by ™.
Equivalently this is the quotient by the ideal y — z".

P Rlz,y] Rla]

P(z,y) ——— P(x,z™)

The map p is an example of Kronecker substitution. See [22, 38]. As a R-linear map, p admits a
section ¢ which we define by setting

o(z%) = y®2" where @ =mb+r isthe euclidean division of a by m.
We deduce that for f1(z) and fo(x) in R[x]
p(o(f1).0(f2)) = fi.fo

When the degree of fi and fo is < n/2 we reduce the multiplication of f; and f, to the multipli-
cation of o (f1) and o( f2) that are polynomials of degree in x strictly smaller than m and degree in y
smaller than n/(2m) = m/2. To compute the latter multiplication we define an auxiliary ring

S = Rla]/(@*™ — 1)
and consider another homomorphism of R-algebras
o : Rlz,y] Rlz,y]/(z*" — 1) = S[y]
P(z,y) = >0 pz(as)yZ —_— Zgo(l)i(x) mod 2™ — l)yZ

As an R-linear map, p’ admits a section o’ which we define by setting
o ((:rJ mod z?™ — 1)yz> =a2/y" for 0<iand 0<j<2m—1.

The map o’ op' is the projection of R[x, y] onto the R-submodule of R|[x, y] containing polynomials
with degree in x strictly smaller than 2m, with kernel the ideal of R[z,y] generated by 2™ — 1. We
deduce that for F';(z) and F»(x) in Rz, y] having degree in z strictly smaller than m,

O'I(p/(Fl).pl(FQ)) = Fl.FQ.
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In particular if Fy = o(f1) and F, = o(f2) where fi(z) and f2(x) have degree < n/2 then we
reduce the multiplication of F; and F5 to the multiplication of p’(F}) and p/(F») that are polynomials
in S[y] of degree strictly smaller than m/2 in y. Since S contains a primitive m-th root of unity

2

w=1z2>mod 2" — 1

we can use the method presented in Section 4.2. It is important to notice that multiplication by w in
S amounts to a cyclic shift of coordinates. In the SLP model, such a cyclic shift is for free. Even
in a more pessimistic model (such as a multitape Turing machine) a cyclic shift is achieved in linear
time. Putting all this together, and using a more intelligent recursion, Schonhage and Strassen prove
that multiplication of two polynomials of degree < d with coefficients in a commutative ring with unit
where 2 is invertible, can be compute by a SLP at the expense of a constant times d. log(d). log(log(d))
operations in R. In case 2 is not invertible in R we assume that 3 is invertible and use a variant of the
method above using tripartitions.

5.2. Harvey-van der Hoeven. There are recent advances in the complexity of polynomial multipli-
cation over a finite field. See [16] and [15] for example. In [15] Harvey and van der Hoeven prove
that the product of two polynomials of degree < n over a field with ¢ elements can be computed by
a Turing machine in time O(n log ¢log(nlog ¢)) uniformly in g, that is O(n log n) for fixed g. These
upper bounds are conditional in the sense that they rely on some conjecture in number theory which
is of independent interest.

A theorem of Linnik states that there exists two real numbers ¢ and L such that for every coprime
integers a and n > 2 there exists a prime integer congruent to ¢ modulo n and smaller than or equal to
c.n’. A Linnik constant is by definition a real L that makes the above statement correct. By a result
of Heath-Brown, one can take L = 11/2. See [17] and the recent improvement [40]. The proof of the
upper bound by Harvey and van der Hoeven assumes that the exponent L in Linnik’s theorem can be
taken < 1 4 271162,

5.3. Convolution. Let R be acommutative ring with unit. The productin A = R[x]/(z" —1) is often
called a convolution product. We are given two elements f(x) mod 2™ — 1 and f2(z) mod 2™ — 1 in
A, where the degrees of f1(z) and f(x) are < n — 1. We want to compute f1 (). f2(x) mod z™ — 1.
Equivalently we look for the remainder of the euclidean division of fi(x).fa(z) by ™ — 1 We first
compute the product f3(x) = fi(z).f2(x). We then reduce f3(x) modulo 2™ — 1. The second step
amounts to n — 1 additions. So we focus on the first step.

We assume that either 2 or 3 is invertible in R. Using the method presented in Section 5.1 we
compute f3(z) = f1(x).f2(x) at the expense of a constant times n. log(n). log(log(n)) operations in
R. We deduce fi(z).f2(x) mod z™ — 1 at the expense of n — 1 more operations.

This problem admits a natural generalization. We let G be a finite commutative group and call
R[G] the group algebra of G over R. Theorem 9 below [8, Theorem 2] concerns the case when R
is a finite field of characteristic p. The statement involves an auxiliary prime p’ such that p’ — 1 is
divisible by a large smooth integer, so as to allow fast Fourier transform. The statement also involves
two natural non-algebraic maps ¢ : Z/pZ — Z/p'Z and V' : Z/p'Z — Z/pZ. For c a congruence
class in K = Z/pZ we denote by ¢(c) the lift of ¢, that is the unique integer in the intersection of ¢
with the interval [0, p[. We write

3) 1(c) = £(c) mod p'.

We thus define maps ¢ : K — Z and 1 : K — K'. We similarly define the lifting map ¢’ : K’ — Z
and | : K’ — K by

4) Le) =/ (c)modp for ce K.
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Theorem 9 (Couveignes-Gasnier). There exists an absolute constant Q such that the following is
true. Let G be a finite commutative group of order 0. Let K = Z/pZ and L a field extension of
degree d of K. There exists a prime integer p' < Q(0.p)*! and a straight-line program of length
< 9(d.o.logo + d?.0) that computes the product c = >g Cglgl of two elements a = 37 aylg] and
b=>,bglg] in L|G] given by their coefficients (ag)y and (by)g. The operations in this straight-line
program are additions and multiplications in Z/pZ and in Z/p'Z and evaluations of the maps 1 and
1 defined in Equations (3) and (4).

The proof combines several classical ideas and results. The meaning of this theorem is that prod-
ucts in a commutative convolution algebra are computed in quasi-linear time in the dimension of the
algebra. This is coherent with what we already observed: linear and bilinear maps can be computed
quickly when they are compatible with a large group action.

5.4. The bilinear complexity of multiplication in finite field extensions. We have seen in Section
4.3 that the bilinear complexity of multiplication in a finite field extension L/K of degree n is <
2n — 1 provided the cardinality of K is at least 2n — 1. The reason for this limitation is that we need
enough scalars in K where to evaluate polynomials. Chudnovsky and Chudnovsky proposed in [5]
a generalization of the interpolation method presented in Section 4.3 involving functions on general
curves rather than mere polynomials. So we let Y be a curve over a finite field K. We assume that
Y is projective, smooth and absolutely irreducible. Let m > 1 be an integer. Let QQg, @1, ..., @m—1
be K-rational points on Y. We call @ = Qo + Q1 + - - - + Qpn—1 the divisor consisting of the sum
of all these m points. Let E be a divisor on Y. Let B be an irreducible divisor of degree n on Y.
We assume that F, () and B are pairwise disjoint. We adapt the construction of Section 4.3 to this
context.
We call L the residue field at B. This a degree n extension of K. We denote ep the residue map

en : L(E) L

fr——1i5

which we assume to be surjective. We choose a right inverse 61_31 of ep. Since we plan to multiply
two functions in £(E), we shall need a residue map modulo B for functions in £(2E). We call it €%.

eh : L(2E)

f——7—1/8

L

We denote e the evaluation map

eqQ : L(2E) K™
f———=(f(Qi))o<icm—1

which we assume to be injective. We choose a left inverse eél of eq.
In order to multiply two elements ¢; and ¢ we first multiply the two functions f; = 61_31 (¢1) and
f2 = e3' (£2). In order to compute
f3=fi-f2
we evaluate f1 and f; at the (Q;)o<i<m—1. We then multiply the values taken by f; and fo. And we
interpolate to obtain

fs = g eq(fi)-cq(f2)):
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Finally the product ¢; .45 is
U3 = eB(f3) = eBleg' (eqlep' (01))-eq(ep' (£2))))-

The bilinear part in this computation consists of one product in the algebra K™.
According to the Riemann-Roch theorem, and denoting gy the genus of Y, we see that the surjec-
tivity of ep is granted if
deg(E - B) = 2gY - 17
and the injectivity of eg is granted if
deg(2FE — Q) = 2deg(E) —m < 0.

Combining these two inequalities we see that this construction provides a bound for the bilinear com-
plexity of multiplication in a degree n extension of K if there exists a curve Y over K such that

#Y (K) > 4gy +2n — 1.
This is not optimal at all but still useful if we find a sequence of curves over K such that
#Y (K) — +oo and the quotient #Y (K)/gy has a limit > 4.

One says that a family of curves over a fixed finite field of cardinality ¢ has many points when the
ratio #Y (K)/gy tends to /g — 1. This is know to be best possible, when possible. Modular curves
Xo(N) have many points over finite fields with p? elements, corresponding to supersingular moduli,
as was noticed by Thara [19] and by Tsfasman, Vladut, and Zink [36]. These authors also find families
of Shimura curves having many points over any field with cardinality a square. Garcia and Stichtenoth
[11] construct for every square prime power ¢ an infinite tower of algebraic curves over F such that
the quotient of the number of F,-points by the genus converges to /g — 1, and the quotient of the
genera of two consecutive curves converges to q.

This and the construction above suffice to bound the bilinear complexity of multiplication when
q is a square bigger than 25. The general case is treated thanks to a base change. Following these
lines Chudnovsky [5], Shparlinski, Tsfasmann, Vladut [34], Shokrollahi [33], Ballet and Rolland
[1, 2], Chaumine [4], Randriambololona [28] and others prove that the K-bilinear complexity of
multiplication in a degree n extension L /K is bounded by an absolute constant times n.

5.5. Goppa codes. We quickly review the construction of Goppa codes. See [12, 14, 13, 23]. Let Y
be a projective, smooth and absolutely irreducible curve. Let g be the genus of Y. Let m > 1 be an
integer. Let Qq, Q1, ..., @m—1 be K-rational pointson Y. Wecall Q = Qg + Q1 + - - + Qpr—1 the
divisor consisting of the sum of all these m points. Let F be a divisor on Y of degree

deg £ > 2g — 1.

We assume that E and () are disjoint. We denote e the evaluation map

€qQ : L(E) K™
[ (f(Qi))o<i<m—1
We assume that
m > deg(E).

So e is injective. The image of e() is a code C' over K having length m, dimension k£ = deg E'—g+1
and minimum distance d > m — deg F. It fails to be MDS because of the —g term in the dimension.
We have seen that for K a finite field with cardinality g a square, there exist curves with many points
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over K meaning that the genus tends to infinity and the ratio #Y (K)/g tends to ,/q — 1. For ¢ > 16
a square, this results in the existence, for every real p such that

<p<l-—

1 1
Va-1 Va-1
of a family of codes over K such that the rate k/m tends to p while the relative minimum distance
d/m tends to

5=1-p—1/(ya—1).
As a K-linear map e is described by a deg @ x (deg E — gy +1) = m x k matrix with coefficients
in K. So encoding in this context has cost m x k operations in K.

6. CURVES WITH AUTOMORPHISMS

The constructions presented in Sections 4.1, 4.2, 4.4,4.5, make use of the existence of automor-
phisms of the projective line (roots of unity) to design fast evaluation, interpolation, and multiplication
algorithms. The automorphism group exploited by these constructions is a group of roots of unity. In
order to generalize these constructions we need more curves over a finite field having a large commuta-
tive group of automorphism and we would like this group to be as general as possible. More precisely
we are given a finite field K and we look for two projective, smooth and absolutely irreducible curves
X and Y together with a Galois cover I : Y — X with abelian Galois group G. We call o the car-
dinality of G. We need some control on fibers of I. In particular we need a collection of K-rational
points Py, P, ..., Pp,—1 on X such that the fibers of I above these points are totally split. We denote
P the divisor sum of these points. We let () be the inverse image of P by I. It consists of 0./m rational
points. We also chose a divisor D on X that is disjoint to P and call E the inverse image of D by I.
When I is unramified, the space of functions £(E) is a K[G]-module that can be proved to be free of
rank deg D — gx + 1 as soon as deg D > 2gx — 1. See [26][Theorem 2] and [8][Theorem 1]. The
residue ring I'(Og) at @ is a K[G]-module also and it is free of rank deg P provided [ is unramified
above P. When these conditions are met, the evaluation map e : L(E) — I'(Oq) is a K[G]-linear
map between two free K[G|-modules. One deduces the existence of excellent linear codes that can
be encoded in quasi-linear time and decoded in quasi-quadratic time. See Couveignes and Gasnier
[8]. Indeed we are in the situation of Section 5.5 with the extra property that the Goppa code C' has
a structure of a free K[G]-submodules of a free K[G]-modules. Encoding amounts to evaluating the
map eq. As a K-linear map e is described by a deg @) x (deg E' — gy + 1) matrix with coefficients
in K. As a K[G]-linear map e is described by a deg P x (deg D — gx + 1) matrix with coefficients
in K[G]. We replace deg @Q x (deg E' — gy + 1) operations in K by deg P x (deg D — gx + 1) in
K[G]. The number of operations is divided by 0%. The cost of an operation in K[G] is O(o.log? o)
operations in K for fixed K according to Theorem 9. We save almost a factor o in the complexity.
This is significant when o is exponentially large with respect to gx.

Assume now we want to multiply in an extension of K of degree n. We let G be cyclic of order
o = n. We assume that there is a K-rational point @ on X such that the fiber B = I~!(a) of I above
a is irreducible. The Frobenius above a generates G. The maps ep and e introduced in Section 5.4
are now K|[G|-linear maps. We assume that ep has a right inverse 61_31. We also assume that ey has
a left inverse eél. The linear maps in Chudnovsky’s method are now K[G]-linear maps. They have
complexity quasi-linear in n. In [9] and [7] one deduces

Theorem 10 (Ezome-Lercier-Couveignes). Let K be a finite field of cardinality q. Let L/K be an
extension of degree n > 2. Let B be a normal basis of L /K. There exists a SLP that computes the
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product of two elements in L given by their coordinates in B at the expense of
< Q@ x n x [log,(n)] x log(n) x [log(log(n))|
operations in K where Q is an absolute constant.

There remains to explain how to find curves with a large automorphism group over a finite field.
There are two natural sources for such curves: elliptic curves and class field theory. Elliptic curves
allow very explicit calculations and offer already some variety since their order varies in the Hasse
interval. However the number of points on an elliptic curve over a field with cardinality ¢ is upper
bounded by ¢ + 1 + 2,/q. Class field theory provides curves with an arbitrary large commutative
automorphism group over a fixed finite field.

6.1. Elliptic curves with a point of order n. Let K be a finite field of order ¢q. Many of the methods
presented in Section 4 assume that K contains a primitive root of unity w of a given order n. Equiv-
alently P! has an automorphism 2 +— wz of order n. This is possible when n divides ¢ — 1. Using
an elliptic curve rather than the projective line offers new possibilities. It is thus natural to state a
sufficient condition for the existence of an elliptic curve over K having a point of order n. We have
the following simple theorem.

Theorem 11. Let K be a field with q elements. Let n be a positive integer such that n* < 4q. Then
there exists an elliptic curve over K having a K-rational point of order n.

Indeed the length of the Hasse interval is 4,/q. So there are two consecutive multiples of n? in it.
At least one of them is not congruent to 1 modulo p. Call it m. Let ¢ = g+ 1 —m, then |c| < 2,/q and
m # 1 (mod p) is equivalent to ¢ Z 0 (mod p). By a theorem of Waterhouse [39], for any integer
c with [c| < 2,/ and p { c, there exists an ordinary elliptic curve E over I, with trace c, hence with
exactly m rational points (for prime fields this was already proved by Deuring [10]). The group of
an elliptic curve over a finite field is either cyclic or a product of two cyclic groups C,,, x C),, with
ny | na. If n? divides m, then ny must be a multiple of n. Hence there exists a point of order 7.

6.2. Class field theory. According to class field theory [32, 29] there is a maximal abelian unramified
cover of X over K that splits totally above . We briefly recall its geometric construction. Let Jx
be the jacobian variety of X . Recall Jx (L) is the group of divisor classes of degree 0 on X ®xk L for
every extension L of K. Let

ix X = Jx

be the Jacobi map with origin Fy. The image by jx of a point P on X is the class of the divisor
P — PFy. Let

FK:Jx%JX

be the Frobenius endomorphism of partial degree |K

, the cardinality q of K. The endomorphism
p=F—-1:Jx = Jx
is an unramified Galois cover between K-varieties with Galois group Jx (K). We denote by
Tmax © Ymax — X

the pullback of p along jx. This is the maximal abelian unramified cover of X that splits totally
above Py. Any such cover 7 : Y — X is thus a quotient of 7,,x by some subgroup H of Jx (K). We
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set G = Jx(K)/H and notice that G is at the same time the fiber of 7 above P and its Galois group,
acting by translations in Jx /H.

IJx(K) ——— Yiax —— Jx

| | J#

G = Jx(K)/H Y Ix/H |¢
I I Jo
0= P() X JX

Let P be a K-rational point on X and let Qnax be any point on Y,ax (Ks) such that

TmaX(Qmax) = @(Qmax) = P.

We have Fk (Qmax) = Qmax + P. The Frobenius action on the fiber above P is translation by P. In
other words the Artin map and the Jacobi map coincide, and the decomposition group of any place on
Y above P is the subgroup in G = Jx (K)/H generated by P itself.

In particular the fiber of 7 above P splits over K if and only if P is sent into H by the Jacobi map.
Equivalently the class of P — P belongs to H. Similarly the fiber of 7 above P is irreducible over K
if and only if P generates the quotient G = Jx (K)/H.

6.3. Small degree elliptic functions. In this section, we study the simplest elliptic functions: those
with degree 2 and 3. We prove simple linear and quadratic relations between these functions. We let
K be a field and E an elliptic curve over K. We assume FE is given by some Weierstrass equation

Y2Z + a1 XY Z+asYZ? = X34+ aaX?Z + au X Z? + agZ° .
Wesetx = X/Z,y=Y/Z and z = —z/y = —X/Y, and find

1
r = ?—%—ag—agz—i—O(zZ),
1 al a
= ——+—5+—+a3+0(z2).
Y 3 + 2T +a3 +O(2)
If A is a geometric point on F, we denote by 74 the translation by A. We denote by z4 = z07_4
the composition of z with the translation by —A. We define x 4 and y4 in a similar way.

If A and B are two distinct geometric points on E, we denote by u4 g the function on E defined

_ya—y(A-B)
za—x(A—B)’
It has polar divisor —[A] — [B]. It is invariant by the involution exchanging A and B,
UA,B(A + B — P) = uAVB(P) .

If C is any third geometric point, we set I'(A, B, C) = uy4 g(C). This is the slope of the secant
(resp. tangent) to F going through C' — A and A — B. It is well defined for any three points A, B, C'
such that #{A, B, C'} > 2. Itis finite if and only if #{A, B,C} = 3.

The Taylor expansions of us g at A and B are

1
uap = = za(B)za + (ya(B) + az)z3 + O(z3)

— ; — a1+ 24(B)2p + (ya(B) + a1z.4(B))zp + O(23).

as

UA,B
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As a consequence ug 4 = —u4.p — a1 and
uaB+upc +uca=I(ADB,C)—a

and
I'(A,B,C) =upc(A) =uc,a(B) =uap(C) = —up a(C) —ai.
We deduce

upc =upc(A) — (24(C) —24(B))za + (ya(C) —ya(B))z4 + O(z).

By comparison of Taylor expansions at A, B and C' we prove
uapuac =24 +1I(A4, B, Cluac +T'(A,C,B)uap + a2 + xa(B) + za(C).

In the same vein,
u1247B =2a+2p —aiuap+za(B)+az.
To some extent these simple minded functions play the role of polynomials in the context of elliptic

curves. Let n > 2 be an integer. Let ¢ be a point of order n in E(K). Let G be the subgroup of E(K)
generated by ¢. Let
E=[O]+[t]+[2t]+ -+ [(n—1)t]

be the corresponding divisor. The linear space £(£) has dimension n. The functions uy (s41); for
0 < k < n — 1 are nice candidates to form a basis of £L(F). Indeed they have small degree and they
are permuted by G. One first notices that their sum is a constant in K. Then it is easy to check that
the (gt (k+1)¢)o<k<n—1 form a basis of L(E) if and only if their sum is non-zero. It can be proved
that there exists a constant ¢ in K such that the functions uy = ugy (x11); + ¢ for0 <k <n — 1 form
a basis of L(F). See [9][Lemma 5].

If one needs a basis of £(2F) it is natural to consider the translates of = by the multiples of ¢. For
L(3E) we will use the translates of y. And so on. The functions obtained this way are the analogue
of polynomials in the context of elliptic curves. See VéElu’s thesis [37].

6.4. The maximal unramified Kummer extension. Given that class field theory proves the exis-
tence of interesting curves having many points and many automorphisms, we would like to get our
hands on this treasure. We will treat here the simplest part of algorithmic class field theory: computing
the prime to p part of the maximal abelian unramified extension of a function field of characteristic p.

We start with a finite field K of characteristic p and cardinality ¢ = p™ and a curve X over K
which we assume to be projective, smooth and absolutely irreducible. We call g the genus of X. We
let Py be a K-rational point on X. We assume that we know how to efficiently

represent a point P on X,

represent a function f on X,

compute the Taylor expansion of f at P, as a series in some local parameter wp,
compute the divisor of f,

given a divisor D, compute a basis of L(D),

pick a random effective divisor of given degree on X,

base change to a finite extension L of K.

Under very mild conditions, there are polynomial time algorithms for all these tasks. These basic
operations allow us to compute in the Picard group of X. Thanks to base change we can even work
in the group of K -points of the jacobian J of X.



18 COUVEIGNES AND LERCIER

We note also that Taylor expansion at Py defines an embedding of the function field K (X)) inside
the field of series in the local parameter 7y at Fy. This embedding is compatible with the action of the
Galois group Gal(K;/K).

The next task is more delicate: we need the L-function of X, that is the characteristic polynomial
of the Frobenius. This polynomial can be computed in time polynomial in p.g.n where n is the
degree of K over the prime field. All the known efficient methods in this situation use p-adic theories.
See Kato-Lubkin [20], Satoh [30], Mestre [25], Kedlaya [21], Lauder and Wan [24] among others.
When p is large one uses the ¢-adic method introduced by Schoof [31] and generalized by Pila [27]
to compute the L-function in time polynomial in the logarithm of ¢ for fixed genus g. Unfortunately
the complexity in g of the ¢-adic method is exponential. To summarize: if either the genus or the
characteristic is small we can efficiently compute the L-function.

We will be interested in points ¢ in J(Kj) such that Fix(c) = g.c. These points are sometimes
called anti-rational. Let c be such a non-zero point and let m > 2 be its order. So m.c = 0. Let L be
an extension of K such that c is defined over L. We denote X7y, the base change of X from K to L.
Let C be a divisor on XT, in the class c. We can assume that Fp is not in the support of C'. The divisor
m.C'is principal. Let R, be the unique function having divisor m.C' and taking value 1 at Py. Let r,
be the m-th root of R, in K(m) having constant coefficient one.

When c runs over a set of generators of the group of antirational points in J(Kj), the corresponding
functions r. generate a finite extension of K(X) inside K((7)). We consider the subfield fixed by
the Frobenius Fk inside this extension. This field is the maximal abelian unramified extension of
K (X) of degree prime to p and totally split over Fj.
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